We present a systematics for the octupole and quadrupole deformation parameters of heavy nuclei. We also provide useful procedures to calculate the Coulomb and nuclear potentials for systems involving deformed nuclei.
I. INTRODUCTION
The forces between extended objects is a very important subject in heavy-ion collisions, where the double-folding potential plays a fundamental role in the description of the corresponding interaction. The folding of two spherically symmetric distributions can easily be calculated by using the Fourier transform representation [1] . However, when dealing with deformed distributions the obtainment of the potential is a hard task due to the numerical resolution of the corresponding six-dimensional integral, which is very timeconsuming. This problem is quite relevant because most nuclei present permanent and/or vibrational deformations. Several articles have presented approximate expressions for the corresponding Coulomb interaction (e.g., Refs. [2, 3] ), but in general those expressions were obtained assuming only one deformed nucleus and sometimes also assuming vanishing diffuseness for the distribution. The nuclear potential has also been obtained (e.g. Ref. [4] ), but again in an approximate form.
In the present paper, we provide a model to obtain approximate expressions for the Coulomb potential between two deformed nuclei with finite diffuseness. The corresponding results are compared with those obtained from the resolution of the six-dimensional integral. We also indicate a way to calculate the nuclear potential accurately, based on a zerorange model recently proposed [5] . Furthermore, we present an interesting systematics for the quadrupole and octupole deformation parameters of heavy-nuclei.
II. QUADRUPOLE AND OCTUPOLE DEFORMATION SYSTEMATICS
In an earlier paper [5] , we presented an extensive systematics for the densities of heavy nuclei, based on studies of experimental charge distributions and theoretical densities calculated through the Dirac-Hartree-Bogoliubov model. In that work, we adopted a spherically symmetric twoparameter Fermi (2pF) distribution to describe the nuclear densities. We found that the radii of the charge distributions can be well described by
where Z is the number of protons of the nucleus. The charge densities present an average diffuseness value of a = 0.53 fm. Owing to specific nuclear structure effects (single particle and/or collective), the parameters R c and a show small variations around the corresponding average values throughout the Periodic Table. In the present paper, with the aim of obtaining the deformation parameters, we have used the systematics for the quadrupole B͑E2͒ and octupole B͑E3͒ transition probabilities of even-even nuclei from Refs. [6, 7] . We define the corresponding deformation lengths by ␦ 2 = ␤ 2 R c and ␦ 3 = ␤ 3 R c , and we assume the following connection with the transition probabilities:
͑2͒ Figure 1 and 2 present the extracted values for the deformation lengths as a function of the number of protons or neutrons of the nuclei. Strong effects of structure are observed for the ␦ 2 parameter, which presents local minimum values at the magic numbers. With the purpose of emphasizing this behavior, we have calculated average values over isotopes and also over isotones (Fig. 3) . Similar procedure has also been applied to the ␦ 3 parameter (Fig. 4) . Most B͑E2͒ and B͑E3͒ values have been obtained through methods that involve mainly the electromagnetic interaction, such as Coulomb excitation, electron scattering, etc. Thus, one could expect that the extracted deformation lengths should be related mainly with the number of protons of the nuclei. However, an inspection of Figs. 1-4 shows a very interesting similarity between the behavior of the deformation parameters as a function of Z and N. Based on these findings, we propose that the deformation lengths can approximately be described using the following functions:
where D 3 ͑X͒ = ␣ / ͱ X with ␣ = 3.2 fm, and the function D 2 ͑X͒ is given in Table I . Expressions (3) and (4) describe the complete set of experimentally extracted deformation lengths with a dispersion (standard deviation) of 0.2 fm (about 15% precision). This precision is only slightly greater than the experimental uncertainties.
A comparison between functions D 2 and D 3 is shown in Fig. 5 . The effects of shell structure observed in D 2 but not in D 3 are well understood microscopically. To lowest order, collective quadrupole transitions are constructed of a linear combination of J = 2, positive parity particle-hole excitations. Within open shells, such excitations involve states within the same major shell. At shell closures, however, the particle state must be one from two major shells above the closed shell, which inhibits the excitation due to the large energy involved. D 2 is thus large where a shell is filling and tend to zero at its closure. Collective octupole transitions, on the other hand, are a linear combination of J = 3, negative parity particle-hole excitations, which involve a hole state from one shell and a particle state from the adjacent shell. Since such combinations always exist, independently of shell closures, little structure is observed in D 3 .
In the next sections we deal with deformed densities assuming the 2pF shape:
where 0 is the angle between r and the symmetry axis of the deformation. For the charge distributions we assume that R 0 can be described by Eq. (1), and we limit our study only to quadrupole and octupole deformations. We refer as the corresponding non deformed density to ͑0͒ ͑r͒ = 0
Due to the normalization condition, as defined by Eq. (8), one should observe that 0 0 ͑0͒ ,
͑8͒

III. THE COULOMB POTENTIAL
The Coulomb interaction between two charge distributions is given by
where R is the position vector of the center of mass of nucleus 2 measured from that of the nucleus 1 (see Fig. 6 ), and describes their relative motion. We assume a system of coordinates with the z axis in the direction of R and the x axis in the way that the plane xz contains the symmetry axis of the deformation of nucleus 1. Therefore the direction of this symmetry axis is defined just by the angle 01 . The direction of the symmetry axis of the deformation of nucleus 2 is defined by two angles: 02 and the azimuthal angle 02 (for convenience, we choose 02 = 0 in Fig. 6 ). For spherically symmetric densities, the Fourier transform representation applied to Eq. (9) results in
Furthermore, in the case of vanishing diffuseness ͑a =0͒ one obtains
͑12͒
Figure 7 presents a comparison of the results for V C ͑0͒ obtained by (i) Eq. (10) (using the average diffuseness of Ref. [5] : a = 0.53 fm) (ii) Eq. (12), i.e., a =0, (iii) Eq. (13) of the pointlike model, and (iv) Eq. (14) of the pointlike plus uniform charge model, which can often be found in textbooks on heavy-ion collisions. The different models provide very similar results in the region of the barrier radius and, therefore, such models give similar scattering cross sections except, perhaps, at high bombarding energies where the internal region of the interaction may be probed, 
For deformed densities, the computational resolution of Eq. (9) is very time-consuming due to the six-dimensional integral. This becomes a problem in studies where it should be solved several times as, for example, in calculations of sub-barrier fusion where the cross sections are obtained as an average over different orientations of the deformation axes. Therefore, faster methods to obtain good approximations for the deformed potential are quite convenient. In Ref. [3] was studied the interaction between a deformed projectile and a spherically symmetric target, considering both distributions with a =0 (the way to extend the results to finite diffuseness was indicated in that paper). We use those results as a starting point to present more general expressions.
We divide the Coulomb potential in two contributions: Ni are ␤ 2 = 0.205 fm and ␤ 3 = 0.235 fm, but in some simulations these values have been changed, including simulations where the two nuclei were considered with different deformations. In Fig. 8 , we show that V C Cor is a relatively small correction of V C ͑0͒ (about 3%), and therefore the statistical uncertainty in the calculation of V C , through Eq. (9), must be very small to provide useful results for V C Cor . However, besides relatively small, the correction is quite important because it can reach about 4 MeV at the region of the barrier radius (see Fig. 8 ) and this certainly produces great effects on, for instance, fusion cross sections.
According to Ref. [3] , as long as only nucleus 1 is deformed, the symmetry axes of the deformations are in the same direction, and the diffuseness of the distributions is a = 0, the correction of the Coulomb potential can be approximately described by the following set of equations: 
͑22͒
From this set of equations and neglecting second order terms, one can find the following asymptotic expression:
͑23͒
This expression (or similar) has been used in many works (e.g. Ref. [8] ). The solid lines in Fig. 9 represent the results of Eqs. (22) provide very good results, except at very inner distances. One should observe that the asymptotic expression is not accurate under certain conditions. Indeed, in the case of Fig. 9(c) , for example, the second order terms are not negligible at all.
We have generalized the model for two deformed nuclei, and considering different orientations ͑ i , i ͒, for each deformation of each nucleus. The corresponding correction ͑V C Cor ͒ can be described by the following modifications for V ͑1͒ and V ͑2͒ : 
F a b ͑3͒ ͑R;X;Y͒ = 18
where we have used the 3-j symbols [9] . Our simulations have indicated that such expressions are quite accurate (Fig. 10) . Finally, to complete the generalization, we have observed (Fig. 11) that the model also works for distributions with a 0, using the same expressions (with a =0) for V C Cor , but considering in the calculation of V C ͑0͒ , through Eqs. (10) and (11), the corresponding nondeformed densities with a 0. This point is important because V C ͑0͒ is dependent on a. In Figs. 10 and 11 one can observe, again, that the asymptotic expression (23), generalized for two deformed nuclei, fails in some cases.
IV. THE NUCLEAR POTENTIAL
We have developed a model for the nuclear interaction which is based on the effects of the Pauli nonlocality [5, 10, 11] . This interaction has been successful in describing the elastic scattering, peripheral reaction channels, and fusion involving heavy-ion systems [12] [13] [14] [15] [16] [17] [18] [19] [20] . Within the nonlocal model, the nuclear interaction V N is connected with the folding potential V F through [5] 
where c is the speed of light and v is the local relative velocity between the two nuclei. In the present paper, we only study the folding potential [Eq. (29)] because the corresponding nuclear interaction can be obtained through it by considering the term involving the relative velocity,
Usually, in Eq. (29) Ni are the nucleon densities of the nuclei, and v NN is the effective nucleon-nucleon interaction. In many works, the Paris and Reid versions of the M3Y interaction [1] have been assumed for v NN ͑r͒. In Ref. [5] , we have demonstrated that the folding type interaction, Eq. (30), produces very similar results in comparison with those from the M3Y:
where V 0 = −456 MeV fm 3 and m is the matter density of the nucleon. Based on the intrinsic charge distribution of the proton in free space, which has been determined by electron scattering experiments, an exponential shape has been assumed for the matter density of the nucleon [5] . Due to the delta function, the folding in Eq. (30) is named as the zerorange approach. We have also defined [5] the matter density of the nucleus by folding the corresponding nucleon density with the matter density of the nucleon M ͑r͒ = ͵ N ͑rЈ͒ m ͑r − rЈ͒drЈ.
͑31͒
Thus, we distinguish the matter density of the nucleus from the nucleon one by taking into account the finite size of the nucleon. By inserting Eqs. (30) and (31) in Eq. (29), the folding potential can be recast in the following form:
͑32͒
In Ref.
[5], we provided a systematics also for the nucleon and matter densities. The radii of both distributions are well described by R 0 = 1.31A 1/3 − 0.84 fm. ͑33͒
Due to the folding procedure, the average diffuseness for the matter densities, a M = 0.56 fm, is slightly greater than that for the nucleon distributions, a N = 0.50 fm. Due to the six-dimensional integral, the numerical resolution of Eq. (29) implies a similar problem as that for the Coulomb potential. Equation (32) is much easier to solve because the zero-range approach reduces it to a threedimensional integral. We have calculated the folding potential, through Eq. (32), for the 58 Ni+ 58 Ni (solid lines in Fig.  12 ). With the purpose of comparison, the dashed lines in Fig.  12 represent the nondeformed folding potential ͑V F ͑0͒ ͒, which has been calculated considering the corresponding nondeformed densities. At the surface, the deformed potential can differ by a factor about 4 in comparison with the nondeformed one. For large distances, the nondeformed potential has an approximate exponential shape
where the index P has been used to differ the diffuseness of the potential from that of the density. Taking into account that V F ͑0͒ depends mostly on the distance between the surfaces of the nuclei ͑s = R − R 01 − R 02 ͒, approximate expressions have been proposed to describe the deformed potential. For instance, Eqs. (35) and (36) depend on the variation of the radii of the densities along the z axis (Fig. 6 shows ⌬ only for nucleus 1) 
where the variation of the radii is defined by
͑37͒
Taking into account the approximate exponential shape of the potential, the diffuseness involved in Eq. (35) can be estimated from
. ͑38͒ Figure 12 shows the results for the deformed and nondeformed folding potentials and also those from Eqs. (35) and (36). In Fig. 13 , we show the corresponding corrections V F Cor = V F − V F ͑0͒ . Equation (35) provides better approximations than Eq. (36). Even so, in the surface region the correction from Eq. (35) may differ by about 40% from the more accurate results obtained with Eq. (32).
V. CONCLUSION
Our systematics for the deformation lengths shows very interesting features: (i) the symmetry between the contributions of neutrons and protons, and (ii) the contrast between the strong structure effects on ␦ 2 compared with the smoothness of ␦ 3 . The systematics has been performed with basis on experimental results for stable even-even nuclei, and our analysis indicates that it can be used to estimate deformation parameters within about 15% precision. A test of the predictions for other sort of nuclei, such as the exotic ones, would be very interesting.
We have provided a model to calculate the Coulomb potential between two deformed nuclei with finite diffuseness.
Our model produces precise estimations in the surface region, where the usual asymptotic expressions fail in certain cases. A reasonable estimation of the deformed Coulomb interaction is also obtained in the inner region. The way proposed to calculate the nuclear potential, which is based on the zero-range approach, makes the numerical calculation much faster than that using the finite-range effective nucleon-nucleon interaction. We have demonstrated that the usual approximations may significantly differ from the more accurate results.
The findings of the present work should be useful in studies of heavy-ion reactions, particularly for the sub-barrier fusion process where the deformations of the nuclei play an important role. 
